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Monodromy and isotopy of monotone 
Lagrangian tori 
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Abstract 



We define new Hamiltonian isotopy invariants for a 2-dimensional 
monotone Lagrangian torus embedded in a symplectic 4-manifold. We 
show that, in the standard symplectic R*, these invariants distinguish a 
e^J . monotone Clifford torus from a Chekanov torus. 

rjn . 1 Introduction 

. , This article concerns the Hamiltonian isotopy problem of monotone Lagrangian 

i^H ' tori, which is a special case of the Lagrangian knot problem as formulated by 

C^ , Eliashberg and Polterovich in [5]. Two Lagrangian tori Lo,Li embedded in a 

symplectic 4-manifold (M , uj) are said to be Hamiltonian isotopic if there exists 
a smooth isotopy of Hamiltonian diffeomorphisms 0( € Ham(Af ) with compact 
support, t e [0, 1], (j)o — id, such that (J)i{Lq) — Li. 

We study the monodromy group TYl of the Hamiltonian self-isotopies of a 
^^ ' monotone Lagrangian torus L. We define two new Hamiltonian isotopy invari- 

f^ , ants for L: the twist number t{L) G N U {0} and the spectrum s{L) G N U {0} 

■"nJ" ' of L. The twist number t{L) is related to Dchn twists along a embedded curve 

with Maslov number, while the spectrum s{L) involves the Maslov number 



C^^ ' of the primitive integral 1-eigenvectors of involutions of Ti^ (see Definition 12.9 

^^ , and Proposition 12. lOp . 

^^^ ■ We then apply our construction to the cases when L C M^ is either a mono- 



tone Clifford torus Th.b or a Chekanov torus Tq ^^ (called special torus in 1 ) in 
the standard symplectic 4-space M^. We obtain the following: 



Theorem 1.1. Let b > 0. Let Tit denote the Hamiltonian monodromy group 
cd ' ofTb^b, TC'b the Hamiltonian monodromy group ofT^^^. Then Tib = Z2 = TiJ, as 

abstract groups and hence t{Tb^b) = = t{T!^ ^). However, 

s{Tb,b) = 2, siU^b) = 1- 
Hence Tb^b o-nd T^ ^ are not Hamiltonian isotopic in M^. 
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Thus our approach provides a new way to distinguish T^^b from Tq ^^ up to 
Hamiltonian isotopy. 

It should be pointed out that, the Hamiltonian non-isotopy between Thj, 
and Tq ^ has been proved by Chekanov [U [5] . Chekanov gave two proofs on this 
result. The first proof in [T] utilized the symplectic capacities introduced by 
Ekeland and Hofer [3J |3] , whilst the second proof [5] employed pseudoholomor- 
phic curves with boundaries [6]. Indeed, Chekanov dealt with Clifford tori and 
Chekanov tori in symplectic M^" with n> 2, and completely classified such tori 
in all R2". 

Comparing with Chekanov's proofs, our approach is more algebraic in na- 
ture, and seemingly simpler and more elementary. For technical simplicity, we 
do not venture into higher dimensional cases here. However, we expect that, 
given suitable generalization, invariants similar to t{L) and s(L) can be defined 
for monotone Lagrangian tori of general dimensions. We hope to come back to 
this topic later. 

This paper is organized as follows: In Section[2]we start with some conditions 
on symplectic 4-manifolds, in order for the monotonicity of a Lagrangian torus 
L to be well-defined. We then proceed to define the Hamiltonian monodromy 
group 7i of a monotone torus L and study its properties. Then follows the def- 
inition of the invariants t{L), s{L). In Section[3]we determine the Hamiltonian 
monodromy group as well as the values of t{L),s{L) for L = Ti,^i, (Lemma 13.21) 
and L = Tq fj f Lemma 13. 3p . We end up this note with several open questions. 

2 Hamiltonian monodromy of monotone La- 
grangian tori 

Let L '-^ M be an embedded Lagrangian torus in a symplectic 4-manifold 
(M, uj) . One can endow the tangent bundle of M with an almost complex 
structure compatible with lu. This turns TM into a complex vector bundle of 
which the Chern classes depend only on lu. From now on, unless otherwise 
mentioned, we assume that M satisfies the following two conditions that (i) the 
first Chern class ci(M) = ci(TM) e H'^{M,Z) vanishes and (ii) H'^{M,M.) = 0. 

That ci(M) = ensures that the Maslov class /i G H^{L,Z) is well-defined. 
There is a unique integer rriL > such that ii{Hi{L,'Z)) — m^Z. We call niL 
the divisibility of /i on L. 

Near L the symplectic form to is exact, i.e., there exits a 1-form A defined on 
a tubular neighborhood Ul of L oh which lu = dX. The pull-back 1-form l*X G 
^^{L) is closed, we denote its cohomology class in H^{L,M.) as a. The class a 
is independent of the choice of A due to the assumption that H^{M,M.) = 0. 

Definition 2.1. Assume that fJ. ^ and a 7^ 0. Then L is monotone ii a — c^ 
for some c G M\ {0}. 

Let Ham(A/, L) denote the group of all symplectomorphisms : (M, uu) — > 
(M, lu) such that (/)(£) — L and is the time one map of some time dependent 
Hamiltonian vector field on M , and the vector field has compact support. 



A map (j> € Ham(M, L) induces an isomorphism on H^{L, Z) = Z^ and hence 
on _ff^(L,R), preserving both fj, and a. If /i and a are R-hnearly independent 
then 0* = id on both H^{L,'L) and _ff^(L,R). Below we consider the monotone 
case only. For G Hani(Af, L) we call the induced isomorphism (j)^ : Hi{L, Z) — > 
Hi(L, Z) the monodromy of (/>. 

Definition 2.2. We define the Hamiltonian monodromy group of L C M (or 
Ham(A/, L)) to be 

Hl = {</>* e Isom(i7i(i,Z)) I (/) e Ham(Af,L)}. 

Consider the subgroup of Isom(iJi(iy, Z)): 

G^L ■= {g e Isom(iJi(L,Z)) \ ^og = fi}. 

Clearly Hl is a subgroup of G^. 

If we fix a basis for ifi(L,Z) then the group Isom(iJi(iy. Z)) is identified 
with the integral general linear group 

GL{2, Z) = I r yj \ a, b,c,deZ, ad^bc = ±l\. 

In the following we fix a basis 7, a for Hi{L,Z) so that /i(7) = min{/x(r/) | 77 g 
ifi(L,Z), /i(77) > 0}, and cr € ker/i. We identify an element pj + qa oi Hi{L,Z) 
with the column vector {p^qY G Z^. Then /i is identified with the row vector 
(tol,0) G Hom(iJi(L,Z),Z) = Z^ where m^ = ^(7), and 0* is identified with 
an element of GL{2, Z) such that /i o 0^ = /i. We have the following: 



Proposition 2.3. The group G^ := {g E GL{2,Z) \ fio g — fi} is isomorphic 
to the infinite dihedral group Doc '■— {fo, /i I /o — e = ff) = Z2 * Z2 (see ^), 
where e denote the identity element. 



Proof. A direct computation (identifying /i with (TOi,0)) shows that, with re- 
spect to the basis {7, a} for Hi{L, Z) as described above, 



G, = {{1 ±i)|fcez}. 



Let /fc := f ^ _\ and g^ := f ^ j^ ) • We have 

(i). f^ — e and gk — gf for k E Z, g^ has infinite order for fc 7^ 0, 

(ii)- 51 = /i/o and hence g-i = gi^ = /o/i, 

(iii). /fe+i = 5fc/i = {fijoffi = /i5-fc and /_fc = g-kfo = Uofif h ^ loGk 
for fc > 0. 

Readers can check that G^ is indeed freely generated by the two elements /o 
and /i of order 2, hence G^ is isomorphic to the infinite dihedral group. D 



Remark 2.4. Geometrically gk is a (±fc)-Dehn twist along the curve represent- 
ing the class a. The it-sign ambiguity is to the non- uniqueness of a which is 
unique only up to signs. 

Remark 2.5. Sometimes it is more convenient to consider a different basis 
{7, 7' := 7 + a} for Hi{L, Z). The transformation matrix from basis {7, 7'} to 

basis {7, cr} is T := I j . We use ~ to denote the matrix representation 

with respect to the basis {7,7'}- Then for fc e Z, 



f,:^T-hT^^ fc fc_lj' h---T-gkT=^ ^ ^^^ 

Lemma 2.6. Let fk, gk be as in the proof of Provosition \2.3\ Then fkfi = gk-i 
and hence fk — gk-ifi for fc, / G Z. 

Proof. By applying (iii) from the proof of Proposition I2.3[ we have fkfo = gk 
and fofi = g^i for fc,Z e Z. Hence fkfi = {fkfo){fofi) = 9kg-i = 9k-i- i.e., 
fk= Qk^ifiAo^ k.le'L. n 

Lemma l2.6l in particular implies a different (but well-known) way of express- 
ing G^ ^ Dao by generators and relations: 

(1) G^-i?ec = a.g|/' = e, fgf^g-'). 

Definition 2.7. An element / G G^ is called an involution if /^ = e and / 7^ e, 
a twist if ord(/) = cx3. 

Then, with the matrix representations adapted in the proof of Proposition 
12.31 fk G Gp is an involution for any k Cz Z,, and gk a twist for any fc G Z \ {0}. 

Lemma 2.8. Let Ti C G^ he a subgroup of G^. We adapt the notations fk,gk 
from the proof of Proposition \2.!A Then we have the following classification of 
H: 

(i). n = {e}. 

(ii). IfJi^ {e} and Ti has no involutions, then TL — {gd) = Z for some d G N. 

(iii). If Ti contains exactly one involution say, fk, then Ji = (fk) = Z2. 

(iv). If Ti contains two involutions, then there exist some k,d ^ N such that 
W = {fk,gd) = Doo- 

Proof. For computational simplicity, we adapt the matrix representations and 
notations from the proof of Proposition [231 

Assume that H has no involutions. Then 7i is a subgroup of the free abelian 
group (51) generated by gi G G^. Hence H = {ga) for some d G N, H = Z. 

Now suppose that Ti contains exactly one involution say, fk , for some fc G Z. 
We claim that H = {e, fk} and hence 7i = Z2. Otherwise, we would have 



gi £ Tl for some I £ Z, I ^ 0. But then fk+i = gift G H by Lemma \TM which 
contradicts with our assumption on Ti. Hence Ti — {e, fk} — Z2 for some k £ 1. 
Finally, assume that Ti contains more than one involution. Let 

d -.^ min{|fc - /| I /fc, !i e n, fk ^ //} e N 

Fix a number k £ "L such that /fe, fk+d & 'H. We claim that H. is generated by 
fk and fk+d- More precisely we will show that 

(i)- 9m G 7i iff rf divides m, 

(ii). fn e 7Y iff d divides n — k. 

Assume that m — ds for some s e Z. Then gm — gds = 9d — {fk+dfkY G H. 
Similarly, assume that n = k + dr for some r G Z. then /„ = fk+dr = gdrfk S H. 
Conversely, assume that gm G H fro some ttt, = ds + r S Z with d, s, r G Z, < 
r < d. Then g,. = gmg-ds S H and /fe+r = gr/fe G H. But then \(k-\-r) — k\ < d, 
which contradicts with the minimality of d. Similarly, ii fn G TC for some n G Z, 
then gn-k — fnfk € 'H, which implies that d divides n — k. This verifies the 
claim. So H is freely generated by fk, fk+d, two elements of order 2. Hence 
Ti is isomorphic to Doo- Since gd = fk+dfk, "H is also generated by fk and gd- 
Finally, replacing fk by fk+sd = gsdfk for some s € N large enough if necessary, 
we may assume that A: > This completes the proof. D 

Definition 2.9. Let / e TCl be an involution. Then / is diagonalizable with 
eigenvalues 1,-1. Let Fix(/) := {rj S Hi{L,Z) \ f{ri) = rj}. There is a unique 
element rjf e Fix(/) such that Fix(/) is generated by rjf and /i(77/) > 0. Define 

ruf := fi{r]f)/mL G N. 

Recall that <t e Hi{L,Z) denotes a fixed primitive class with /i(cr) = 0. 

Proposition 2.10. Let ruf be as defined above. Then rrif = 1 or 2. Moreover, 
if we fix an arbitrary basis for Hi{L,Z) and represent rif,cr respectively as the 
first and second column vectors of an integral 2x2 matrix A, then mf = | dot (A) | 
the absolute value of the determinant of A. 

.™, ............... _,..(:)„... (2 

as column vectors with respect to the basis. Let m := det A ~ ad — be 



det I , I e Z \ {0}. Now in matrix form 



^° m'^'m^m ^ I^' Notc that 6, d are coprime, so there exist ri, r2 € Z such 
that™rir+rV= 1. Then n • ^ + r2. f = ^ e iz and n • ^+r2 • ^ = ;^ £ iZ. 
Since a, c are coprime we must have m \ 2. 



Elements of iJi(L,Z) are represented as column vectors with integral coef- 
ficients. Let ni,n2 G Z so that nirriL = A*! ( p, I ) and n2mL — Ml i I )• -By 

definition we have /ill ) ) = mfrriL and /i( I , I 1 = 0. So 

a c\ fni\ ^ fmf\ fnA ^riyfd' 

b d [n2 [or ' \n2 m \-b 



Note that ni, n2 are coprime since fi{Hi{L, Z)) = rn^Z. Also, = /i 



brii + dn2, so we have j = ± , j, hence irif = \ni\ ~ |det(A)| which 

equals 1 or 2. 

Now if we choose another basis for Hi{L, Z) and correspondingly represent 
the ordered pair {rjf, a) by a matrix A' . Then A' = BA for some B E GL{2, Z), 
hence | det(yl')| — \ det(A)| = nif. This completes the proof. D 

Example 2.11. Let fk ~ ( i ^ \ be as defined in the proof of Proposition 

, , 1 if k is even, 

rOl Then ruf^^ { ^ 

12 if k is odd. 

This is a straightforward computation. Let f = fk- Write rjf = I , j then 

r]f = fivf) = J, L I • Since a, b are coprime we have that a = 1 (the positive 

sign follows from ^{rjf) > 0) provided that 6 = 0. In this case we obtain that 

fi{rif) = rriL and hence nif = 1. 

^a\ [2 

ce ak — 2b we have fc ^t U and I 

i e Q. It follows that 

(i). t = 1 if /s is odd, then ^.{rjf) = 2mi, ruf = 2; 

(ii). t = i if fc is even and nonzero, then iJ.{rjf) — niL, mj = 1. 

This competes the computation. 

From the perspective of the Maslov class /x, involutions of G^ fall into two 
different types according to their values of ruf. Thus in addition to the group 
type of Tii the Hamiltonian monodromy group of L as listed in Lemnia l2.81 mf 
can be used to construct further invariants for Ti^ provided that some element of 
Ti is an involution. Also, if Hl contains some twist elements, the twist number 
can also be defined for TLl. Below we define the new invariants for L. 

Definition 2.12. Let L be monotone and TLl its Hamiltonian monodromy 
group. We adapt the notations fk^gk from the proof of Proposition[ 



If 6 7^ then, since ak — 26 we have fc 7^ and I , j = i • I , ) for some 



Let T C Ti. he the subset of all twists of H. The twist number of TCl is 
defined to be 

frf = min{A:>0|5fc er} if T ^ 0, 

^ ^ ■ jo ifr = 0. 

Let S C TC denote the subset of all involutions of H. The spectrum of Hl is 
defined to be 

^ ^imm{mf\feS} if 5 ^ 0, 

*^ ^ ■ \0 if 5 = 0. 

In particular, if Hl — ^2, then t{L) = 0, and s{L) = 1 or 2. 

Lemma 2.13. The numbers t(L),s{L) are invariants of monotone Lagrangian 
torus L up to Hamiltonian isotopies. 

Proof. Given a pair of Hamiltonian isotopic monotone Lagrangian tori Lo,Li 
and let Lt := (j)t{Lo), t € [0, 1], be a Hamiltonian isotopy between Lq and Li. 
Here (pt is the time t map of a time dependent Hamiltonian vector field. The 
Lt is monotonic for all t e [0, 1]. Clearly (f)'^^ o Ham(M, Lt) o (f)^ = Ham(A/, Lq) 
for all t and hence cfftTi-t = Tio where Ti^ is the Hamiltonian monodromy group 
of Lt- By continuity we have t{Lt) — t^Lo) and s{Lt) — s{Lq) for all t S [0, 1]. 
This completes the proof. D 

3 Examples in M^: Clifford tori and Chekanov 
tori 

Basic properties of Lagrangian tori in K^. Let M ~ R^ with the standard 
symplectic structure cu = X^i^i ^-^i ^ ^Vj- Readers can check that ci(M^) = 

and 7J^(M'*,R) = 0. Let A denote a primitive of u>, dX = w. Let L ^^ M** be 
an embedded torus. Using pseudoholomorphic curves, Gromov [6] showed L is 
not exact, i.e., the closed 1-form (.*A € il,^{L) is not exact. So the action class 
a := [l*X\ S H^{L, M.) is nontrivial. Polterovich [9] proved that the Maslov class 
II G H'^{L,Z) has divisibility 2, i.e., 2 = min{/i(7) | 7 G iIi(L,Z), ii{-f) > 0}. 

Clifford tori. For a, 6 > the Clifford torus 

Ta,b -.^ {\zi\ ^ a, |z2|=fo}cM^ 

is Lagrangian. It is monotone iff a = 6. 

Using symplectic capacities introduced by Ekeland and Hofer, Chekanov [1] 
proved the following: 

Proposition 3.1 (Chekanov [1]). Two Clifford toriTa^b,Ta'y are Hamiltonian 
isotopic iffTa'h' = Tah or T^.a- 



Lemma 3.2. The Hamiltonian monodromy group TLb ofTt^b is a group of order 
2, i.e., it is generated by a single involution, hence t{Tb^b) = 0. Moreover 
s{Tb,b) = 2. 

Proof. We take 7 G iJi(T'b_f,,]R) to be the class represented by the curve 
{(6e*^5) e C X C} I 61 e [d,27r]}. We also take 7' G iJi(Tb,b,M) to be the 
class represented by the curve {(6, &e*^) S C x C} \ G [0, 27r]}. It can be 
checked that /i(7) = 2 = /i(7'). With this understood we adapt the notations 
fk,gk for monodromies from Remark 12.51 in Section [2l 

We identify Tb^b with L ~ R/Z x R/Z with coordinates (^1,^2) so that, for 
t e R/Z, 

(2) {{t, 0)} represents the class 7, and {(0, t)} represents the class 7'. 

Also let (si, S2) be the dual coordinates for fibers of the cotangent bundle T*L. 
The cotangent bundle {T*L, — dAcan)) is symplectic, where Acan is the canonical 
1-form (see 0), Acan = sidti + S2dt2. We also use the identification R"* = C^ = 
{(ne^'^i^Srze^'^^^) | r, > 0, 6, e R/27rZ}. 

Now consider the map $ : T*L ^ R" ?S C^ = {(rie^^^i,r2e^^^'*2)}. 



$(ti,i2,si,52) :- Jb^ - '^e/-^-''\Jb^ ~ -e 



*1 2^T^/^tl -L2 *2 27ry^t; 



■K 



The map $ is defined on the domain Ul '.— {si < 7r6^,S2 < 7r5^}, and is a 
symplectic embedding from Ul into R"*, Tb.b C $(C/l)- 

Consider the primitive 1-form A = ^{riddi + r'^d92) of lo. We have <i>*A = 
i:b'^{dti + ^^2) — Acan- Also, Let id.ca '■— {si = ci, ,S2 = C2} C C/li then 

(3) $(Z/ci,C2) = ^^fc2_£1^^62_£l- 

In the following we use $ to identify a small neighborhood of Tb^b with 
t'a := {|si| < (5, |s2| < 5} for (5 > smah. 

We claim that gu ^ Hf, for any fc ^ 0. Assume in the contrary that gk £ Ti-b 
for some fc ^ 0. Let (p € Ham(R^,Tb_f,) be one with 4>^, = g^. Modifying by a 
L-preserving Hamiltonian isotopy if necessary, we may assume that, on Us for 
some ^ > 0, 

(j){ti,t2, 81,82) = ((1 - k)ti - kt2,kti + (1 + k)t2, (1 + fc)si - k82,k8i + (1 - fc)s2)- 

Then, by taking ci = and C2 = e > very small, we have 

0(^0, e) = -^-fce,(l-fc)e- 

and hence (via $) 



^'\/^^^'* "^V'-^V'''--^^ 



It then implies that, for aU e > smaU enough, the ChfFord tori T^^ p^TZTL 
and T —^ i rrriTr s-'"" Hamihonian isotopic, which cannot be possible by 

Proposition l3.1l unless fc = 0. Thus gt ^ TYt for any fc 7^ 0. Hence t{Ti,,b) — 0. 
Note that since fkfi = gk-i, T^b can contain at most one involution. In fact 

there exists a Hamiltonian self-isotopy of Tf,.;, with monodromy /i — 



I 

To see this, first let us consider the path in the unitary group C/(2) defined by 



cos ^ — sin ^ 



sm ^ cos ^ 



At := Z .\ :: J e GL(2, C), < t < 1. 



At acts on C^, is the time t map of the Hamiltonian vector field X = f (xiSa;^ — 
a;29a;i + yidy^ ~ V2dy^), uj{X,-) = -dH, H = j{x2yi - xiy2). Observe that 
AiiTa.b) = n,a, (Ai)* = /i on Hiin^b, Z). Fix 6 > and modify H to get a C°° 
function H with compact support such that H = H ou {\zi\ <2b, \z2\ < 26}. 
Let </)( be the time t map of the flow of the Hamiltonian vector field associated 
to H. Then Mn^b) = {T^.b). and (0i)* = (Ai), = /i on Hi{Tb^b,Z). Hence 
Tifc is a group of order 2 generated by the involution /i. Hence s(rf,,6) = 2 by 
Remark 1 2. 51 Proposition 12. 101 and Remark 12.111 D 

Chekanov tori. Now we consider another type of monotone Lagrangian tori in 
R"*: the Chekanov tori (called special tori in jl]). Consider the diffeomorphism 
p:T*S^ = S^xR^ E:=Rl^^^^\{{0,0)}definedhyp{e,s) = (e^ cos 6*, e" sin 6*). 
The corresponding map p* : T*E C M^ ^ T*{T*S^) is a symplectomorphism 
between two cotangent bundles. Let 



* := {p*)-^ : T*{T*S^) = {T*S^) x M^ ^ T*E = E x Rl c 



,^4 
VI, y2 



be the inverse symplectic map. Let {0,s) G 5^ x R be coordinates for T*S^, 
{9*,s*) be the dual coordinate for the fiber of r*(T*5'"'^). Let {xi,X2,yi,y2) be 
coordinates for E xR'^. Then 

^{9, s, e*,s*) = (e" cos 61, e" sin 6*, e""(-r sin 6l+s* cos0), e""(r cos6i+s* sin 6*)). 

From now on, we will identify T*{T*S^) with its image in R"* via ^. 
For a e R and 6 > the torus 

Tiy.^{0*^a, s' + {s*f^b'} 

is Lagrangian. Moreover, for a 7^ 0, T^ ^ is Hamiltonian isotopic to the Clifford 
torus T;, b_(_|a| by Chekanov [IJ. The a — case is special. We call the special 
torus Tq t, a Chekanov torus. T^ ^ is monotone, is Lagrangian isotopic to Tbt 
but not Hamiltonian isotopic to T), f,. [Hll]. 

Lemma 3.3. The Hamiltonian monodromy group TiJ, o/Tq j, is a group of order 
2, i.e., it is generated by a single involution, hence tlT^ j^) = 0. Moreover 



Proof. Let 7 € ifi(r^^,Z) be represented by the curve {9,s,9*,s*) = 
(0, 6 cos i, 0,6 sin t), a g iJi(rQ j,Z) be represented by the curve {9,s,6* ,s*) = 
{t, b, 0, 0). It can be verified that fi{'-f) = 2 and /x(cr) — 0. With this understood 
we adapt the notations fkjgk for monodromies from the proof of Proposition 



We identify Tb^b with L = R/Z x R/Z with coordinates (^1,^2) so that, for 
i e R/Z, 

(4) {(t, 0)} represents the class 7, and {(0, t)} represents the class a. 

Also let (si,S2) be the dual coordinates for the fiber oiT*L. . The cotangent 
bundle (T*L, — dAcan)) is symplectic, where Acan is the canonical l-form (see 

[8]), Acan = Sidti + S2dt2. 

Consider the map $' ; T*L -^ T*{S^ x M) = {(6*, s, r, s*)}. 



$'(ii,t2,si,S2) :== (i2, \ b'^ ^ cos27rti, S2, Jb'^ ^sin27rti). 

The map $' is defined on the domain [/£ :— {si < nb^} C T*L, and is a 
symplectic embedding from C/£ into T*{S'^ x R). Also T^ ,, C $'(C/£). 
Let ici,c2 := {si = ci, S2 = C2} C U'j^, then for C2 ^ 0, 



(5) *o$'(l.,^.j.*(t;^^/^^j -^v^;^.v^;^-.ic.i' 



where the second equality is up to a Hamiltonian isotopy. 

Assume there exists cj) G Ham(R*, T^ j) with monodromy gk for some fc e Z. 
Modifying by a i-preserving Hamiltonian isotopy if necessary we may assume 
that, for some 6 > small enough, 

</i(6'i, 6*2,31,52) = {0i,k9i +6*2,51 - ks2,S2) on Ug. 

Then 4'{Lc^^c2) = ici-fcc2,c2- 

Now, by taking ci = C2 = e > very small, we have 

4>{Le,e) = i(l-fc)e,e. 

and hence (via ^ o $', see ([5])) 



It then implies that the Clifford tori T n^—r rgi-rr,^ and 
T I T-, — n— I T-, — z^ are Hamiltonian isotopic for all e > small 

enough, which cannot be possible by Proposition 13. H unless A; = 0. Thus 
gu i n'^, for any fc 7^ 0. Hence t(r^ J = 0- 

Then Tij^ can contain at most one involution. Below we will construct (j) G 

Ham(R^, Tq ^) with monodromy <t>* — fo ~ [ ., , ) . First observe that Tg ^ is 

contained in the hyper-surface {6* = 0} C T*{S^ x R) and hence in (via $) 

(6) {(a;i,7;i,a;2,2;2) = (e"' cos6', e^'^s* cos6', e* sin6', e^^s* sin6')} C R''. 
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For t e [0,1] the symplectomorphism At : C'^ ^ C^, At{zi,Z2) — (e"*zi,Z2), 
is the time t map of the Hamihonian vector field X — ir^xidy-^ — yidx^) whose 
Hamiltonian function is H ~ f l^iP- Observe that Ai preserves the hyper- 
surface in ^ and send the point in ^ to the point 

(7) 

(a;i,yi,X2,y2) = (~e'* COS0, — e "s* cos0, e" sin0, e ^s*sin0) 

= (e'' cos(7r - 6), e'^s* cos(7r - ^), e'* sin(7r - 6), e'^'^s* sin(7r - 6)). 

Hence ^i(T^ J = T^ ^. Moreover, (Ai)*7 = 7 and (Ai),cr = -a, i.e., (Ai)* = /o 
oniJi(r^„Z). 

We modify H to get H E C°°(M*) with compact support, such that H = H 
on {\zi\ < e^*", |z2| < e^*"}. Let 0f be the time t map of the flow of the 
Hamiltonian vector field associated to H. Then 01 (Tq;,) = Tq ^ and ((/ii)* = 
(Ai)* = /o on i?i(TQ J,, Z). So Hb is generated by the involution /o and s(rQ j,) = 
1 by Proposition [2T6I Remark [2lT] and Definition [2T2l ' D 

Lemma 13.21 and Lemma 13.31 together imply Theorem ll.il 

Final discussion. We end this note with the following open questions. 

Question 3.4. Let L C M"' be any monotone Lagrangian torus. Is it true that 
Hl = Z2? 

Question 3.5. Let L C (R'*,a;) be either a monotone Clifford torus T^^b or a 
Chekanov torus T^ j,. Let i? C M^ be an open 4-ball containing L. Assume there 
is a symplectic embedding cj) : {B,uj) -^ {M,ujm), where M is symplectic with 
Ci(M) = and H'^{M,M.) = 0. Let H^ (resp. U'^^) denote the Hamihonian 
monodromy group of L in _B (resp. in M). Via the inclusion </>, Ti,^ = Z2 is a 
subgroup of 7i*^. Is it possible that H^ is a proper subgroup of 7i*^? 

Question 3.6. How to extend the constructions of i(L), s{L) to higher dimen- 
sional cases, to distinguish monotone Lagrangian tori in R^" and beyond? 
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